The method of paraxial complex geometrical optics (PCGO) is presented, which describes Gaussian beam (GB) diffraction and self-focusing in smoothly inhomogeneous and nonlinear saturable media of cylindrical symmetry. PCGO reduces the problem of Gaussian beam diffraction in nonlinear and inhomogeneous media to the system of the first order ordinary differential equations for the complex curvature of the wave front and for GB amplitude, which can be readily solved both analytically and numerically. As a result, PCGO radically simplifies the description of Gaussian beam diffraction in inhomogeneous and nonlinear media as compared to the numerical and analytical methods of nonlinear optics. The power of PCGO method is presented on the example of Gaussian beam evolution in logarithmically saturable medium with either focusing and defocusing refractive profile. Besides, the influence of initial curvature of the wave front on GB evolution in nonlinear saturable medium is discussed in this paper. 
Introduction
Paraxial complex geometrical optics (PCGO) has two equivalent forms: the ray-based form, which deals with complex rays [1] [2] [3] [4] [5] [6] , that is with trajectories in a complex space, and the eikonal-based form, which uses complex eikonal instead of complex rays [6, 7] . A surprising feature of PCGO is its ability to describe Gaussian beam (GB) diffraction in both ray-based and eikonal-based approaches. Recently, eikonal-based PCGO method has been generalized for the case of inhomogeneous [8] [9] [10] and nonlinear Kerr type media [10] [11] [12] . This paper describes the advantages of the eikonal-based form of PCGO for description of Gaussian beam diffraction and self-focusing in logarithmically saturable medium with special attention to the influence of linear refraction and the effect of initial wave front curvature. This paper generalizes the results of previous papers [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , where authors considered mainly the light beam propagation in nonlinear saturable media without contribution of the linear refraction and the effect of initial wave front curvature. Although media with logarithmic nonlinearity has not been encountered in nonlinear optics, it has been argued that "accessible" nonlinearities of various form (including logarithmic one) can "provide valuable insight and still maintain the characteristic features of the underlying physical process" [25] . Sec. 2 presents the basic equations of PCGO method. Analytical and numerical solutions for beam width evolution in logarithmically saturable medium with defocusing refractive profile is presented in Sec. 3, where the influence of initial curvature of the wave front on GB evolution is also discussed. Finally, Sec. 4 outlines the ability of PCGO to describe GB diffraction in logarithmically saturable medium with focusing refractive profile.
Basic equations of paraxial complex geometrical optics

Riccati equation for complex parameter B
For axially symmetric wave beam propagating along z direction in axially symmetric medium PCGO suggests solution of the form:
(1) where 0 = 2π/λ 0 , where λ 0 is the wavelength of the beam in vacuum and ψ is complex-valued eikonal, which in accordance with (1) has the form:
where ζ = 2 + 2 is a the distance from the axis z. In above equation, B is the complex curvature of the wave front [9] and ε 0 is permittivity of the medium measured along z axis. The real and imaginary parts of parameter B = B R + B I determine the real curvature κ of the wave front and the beam width (1/ point of the wave intensity) correspondingly:
The eikonal equation:
in (ζ ) coordinates takes the form:
In accordance with paraxial approximation radius ζ should be small. Therefore parameter ε( ζ) in Eq. (5) can be expanded in Taylor series in ζ in the vicinity of symmetry axis z:
Substituting (2) and (6) into eikonal Eq. (5) and comparing coefficients of ζ 0 , ζ 1 and ζ 2 we obtain the relations:
and the Riccati equation for complex curvature B:
The parameter α for axially symmetric medium equals:
Substituting (3) in Eq. (1), we obtain the Gaussian beam of the form:
(10) Solution (10) reflects the general feature of PCGO, which in fact deals with the Gaussian beams. The general form of the Gaussian beams in the 3D inhomogeneous media, as well as Riccati equation for complex curvature parameter B can be found in [9] and in the review paper [6] .
The equation for GB complex amplitude
In the framework of paraxial approximation the amplitude A = A( ) is complex-valued and satisfies the transport
which for axially symmetric beam in (ζ ) coordinates takes the following form:
In accordance with Eq. (2), assuming that ζ is small parameter we obtain that:
As a result Eq. (12) reduces to the ordinary differential equation in the form:
The above equation for GB complex amplitude, as well as the Riccati equation for complex curvature B are the basic PCGO equations. PCGO reduces the problem of GB diffraction to the domain of ordinary differential equation.
Having calculated the complex parameter B from Riccati Eq. (8), one can readily determine complex amplitude A by integration of Eq. (14). As a result the complex amplitude of cylindrically symmetric GB takes the form:
where
is an initial amplitude and = / √ ε 0 .
The equation for GB width evolution
Riccati Eq. (8) is equivalent to the set of two equations for the real and imaginary parts of the complex curvature B:
Substituting (3) in (16), one obtains:
This leads to the known relation between the beam width and the wave front curvature κ, derived in [13] :
Now substituting relation (18) into the first equation of the system (16), we obtain the ordinary differential equation of the second order for GB width:
GB diffraction in logarithmically saturable nonlinear medium with defocusing refraction
In this section, the PCGO method is applied for beam propagation in inhomogeneous defocusing and cylindrically symmetric nonlinear medium with permittivity profile of the form:
where I = * is the beam intensity, ζ is a distance from the axis of the medium, is the graded-index coefficient and I sat is characteristic saturation intensity. The logarithmic nonlinear dependence presented in Eq. (20) is an approximation of the saturable mode ln(1 + I/I sat ) for I I sat . This kind of model has been studied in the past in the context of coherent [19, 21] and partially coherent wave pulses or beams [20, 22, 24, 25] . For the refractive index (20) , the Riccati Eq. (8) takes the form:
and equation for GB width evolution is in the form: [14] , the equation can be presented in the following form:
where we introduce the parameters of nonlinear scale: 
In accordance with (18) the value / at = 0 presents the squared initial wave front curvature:
As a result the Eq. (25) can be presented in the form:
(27) Taking advantage of differential relation ( 2 ) 2 = 4 2 2 and differentiating once (27) we obtain the equation:
(28) For the case when ln 2 ≈ 2 − 1 the above Eq. (28) takes the form:
which for the case when L 2 NL < L 2 /2 has the following analytical solution:
For the case when L 2 NL > L 2 /2 the solution takes the form:
Numerical analysis of Eq. (28) beyond the case when ln 2 ≈ 2 − 1 and assuming that κ 0 = 0 shows three types of solutions for GB width evolution presented in Fig. 1 : oscillatory diffracting (trace 1), stationary solution (trace 2) and oscillatory self-focusing (trace 3). Because of the presence of defocusing refraction we also obtain a monotonously increasing type of solution presented in Fig. 2 . In Fig. 2 and Fig. 3 , the influence of initial wave front curvature on GB width evolution in saturable 
logarithmically nonlinear medium with defocusing refraction is examined. One can notice that when initial wave front curvature is negative, κ 0 < 0, the GB width first decreases to minimum value and after that the width starts to increase.
When initial wave front curvature is positive, κ 0 > 0, the 
width at once increases. In Fig. 4 the evolution of wave front curvature is presented in logarithmically nonlinear medium with defocusing refraction for different initial values of parameter κ 0 . When κ 0 = 0 this parameter oscillates slightly be- (21) and (14) for the amplitude evolution in logarithmically nonlinear medium with defocusing refraction for parameters 0 = 10λ, ε NL = 10 −3 , L 2 = 0 3L 2 D , and trace 1:
and κ max / 0 = 0 5 · 10 
GB diffraction in logarithmically saturable nonlinear medium with focusing refraction
In this section, the PCGO method is applied for beam propagation in inhomogeneous focusing and cylindrically symmetric nonlinear medium with permittivity profile of the form:
For the refractive index (35), the Riccati Eq. (8) takes the form:
and equation for GB width evolution is in the form:
Introducing next dimensionless GB width = / 0 , we obtain analogously like in previous paragraph the equation:
0 is diffraction (Rayleigh) length and = / √ ε 0 . Taking advantage of the procedure presented in previous paragraph we obtain the equation:
(39) which for the case when ln 2 ≈ 2 − 1 takes the form: This equation has the following analytical solution:
(41) 
Numerical analysis of Eq. (39) beyond the case when 2 ≈ 2 − 1 and assuming that κ 0 = 0 shows that exists the three types of solutions for logarithmically saturable nonlinear medium with focusing refraction, which are presented in Fig. 6 . In Fig. 7 the influence of initial wave front curvature on GB width evolution in saturable logarithmically nonlinear medium with focusing refraction is presented. In Fig. 8 
Conclusions
The simple and effective method to calculate Gaussian beam wave field, diffracted in smoothly inhomogeneous media with saturable logarithmic nonlinearity is presented. The method, based on paraxial complex geometrical optics (PCGO), reduces the diffraction problem to the ordinary differential equations for complex curvature of the wave front and for GB amplitude. This way, PCGO method readily provides a solution for inhomogeneous nonlinear media in a simpler way than the standard methods of nonlinear optics such as the variation method approach, method of moments and beam propagation method. Besides simplicity and affectivity, PCGO method supplies a number of new results. Firstly, it is shown in the paper how focusing/defocusing refraction influences GB width evolution in nonlinear logarithmically saturable media. Secondly, it is presented that the PCGO method effectively describes the joint influence of the refractive index profile and the initial curvature of the wave front. In this way, PCGO method demonstrates high ability in further applications of nonlinear optics.
